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1. Introduction
In 1985, A. Casson [1] deﬁned an invariant for oriented integral homology 3-spheres from representations of their funda-
mental groups into SU(2). K. Walker [17] extended it to oriented rational homology 3-spheres. C. Lescop [8] gave a formula
to calculate the invariant from framed link presentations, and found that the invariant can be extended to all oriented closed
3-manifolds. We call the last invariant the Lescop invariant, and denote it by λ(M) for an oriented closed 3-manifold M .
Let a1, . . . ,an be positive integers where n 3, and B = (bij) an (n − 2) × n matrix over the complex number ﬁeld such
that each maximal minor is non-zero (see [6]). Then the variety
V B(a1, . . . ,an) =
{
(z1, . . . , zn) ∈Cn
∣∣∣ n∑
j=1
bij z
a j
j = 0 (i = 1, . . . ,n − 2)
}
is a complex surface which is non-singular except at the origin, and we get
Σ(a1, . . . ,an) = V B(a1, . . . ,an) ∩ S2n−1
where S2n−1 is the boundary of a suﬃciently large ball in Cn including the origin. We call the 3-manifold Σ(a1, . . . ,an)
the Brieskorn–Hamm manifold. We note that Σ(a1, . . . ,an) is a Seifert ﬁbered 3-manifold, the diffeo-type and the ori-
entation of Σ(a1, . . . ,an) are independent from choices of B and the order of indices of a1, . . . ,an , and Σ(a1, . . . ,an)
with n 3 is an an-fold cyclic branched covering of Σ(a1, . . . ,an−1) whose branch set is determined by zn = 0 (in
particular, if n = 3, then the set is an (a1,a2)-torus knot/link in S3) (see [13] and [14]). Since Σ(a1,a2,1) = S3 and
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assume it. We set
λ(a1, . . . ,an) = λ
(
Σ(a1, . . . ,an)
)
and H(a1, . . . ,an) = H1
(
Σ(a1, . . . ,an)
)
.
We calculate the Lescop invariant of every Brieskorn–Hamm manifold by Lescop’s surgery formula in Theorem 4.2. By the
result, we show that every value is not positive as the following theorem, and give a recursive formula for a special case.
Theorem 5.1. If the genus of the base space of Σ(a1, . . . ,an) as a Seifert ﬁbered 3-manifold is 0 or 1, then we have
λ(a1, . . . ,an) < 0
except λ(2,2,2) = 0.
We remark that Σ(2,2,2) is the real projective space RP3 = L(2,1). In Section 2, we introduce a surgery description
of the Brieskorn–Hamm manifolds, and compute the ﬁrst homology of every Brieskorn–Hamm manifold. In Section 3, we
introduce the Dedekind sums. In Section 4, we calculate the Lescop invariant of every Brieskorn–Hamm manifold. In Sec-
tion 5, we show Theorem 5.1 which is our main theorem. In Section 6, as a ﬁnal remark, we show a recursive formula for
a special case which is an extension of a result due to S. Fukuhara, Y. Matsumoto and K. Sakamoto [5, Theorem 4], and
independently, W. Neumann and J. Wahl [12, Remark 1.15]. We close the introduction by the following questions which
naturally arise from Theorem 5.1.
Question 1.1. Is the negativity of the Lescop invariant observed here related to geometry of the complex surface
V B(a1, . . . ,an) and if so how?
If Σ(a1, . . . ,an) is an integral homology 3-sphere, then Σ(a1, . . . ,an) bounds a Milnor ﬁber. We have the following
question.
Question 1.2. Does Σ(a1, . . . ,an) bound a Stein manifold, and does that help explain the results obtained here?
2. Surgery description and the ﬁrst homology of the Brieskorn–Hammmanifold
In this section, we give a surgery description of the Brieskorn–Hamm manifolds, and determine the ﬁrst homology of it
to apply Lescop’s surgery formula of the Lescop invariant. We denote an oriented Seifert ﬁbered 3-manifold with m-singular
ﬁbers whose base space is an oriented closed surface with genus g by(
g
∣∣ h; (α1, β1), . . . , (αm, βm))
where h is the obstruction class, gcd(αi, βi) = 1 (i = 1, . . . ,m), and αi = 0 and (αi, βi) are the multiplicity and the index of
the i-th singular ﬁber, respectively.
We set
s j =
∏
k = j ak
lcmk = j ak
, t j = lcmk aklcmk = j ak ( j = 1, . . . ,n), (2.1)
and
g = 1
2
(
2+ (n − 2)
∏n
k=1 ak
lcmk ak
−
n∑
j=1
s j
)
(2.2)
where lcm denotes the least common multiple. W. Neumann and F. Raymond [11] showed the following:
Lemma 2.1. The Brieskorn–Hammmanifold Σ(a1, . . . ,an) is presented by(
g
∣∣ 0; s1(t1, c1), . . . , sn(tn, cn))
where s j and t j ( j = 1, . . . ,n) are in (2.1), s j(t j, c j) implies that (t j, c j) is repeated s j times, c j satisﬁes the equation
n∑
j=1
s j
t j
c j =
∏n
k=1 ak
(lcmkak)2
, (2.3)
and g is in (2.2).
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The Brieskorn–Hamm manifold Σ(a1, . . . ,an) has a surgery description B1 ∪ · · · ∪ B2g ∪ K0 ∪ K1 ∪ · · · ∪ Ks1+···+sn as in
Fig. 1 (see [9]). We set
A =
⎛⎜⎜⎝
t1Es1 0 c11s1. . . ...
0 tnEsn cn1sn
t1s1 · · · t1sn 0
⎞⎟⎟⎠
where Es is the identity matrix of size s, 1s is an s× 1 matrix whose entries are all 1, and t1s is the transpose matrix of 1s .
Then we have the presentation matrix A˜ of H(a1, . . . ,an) associated to the surgery description as
A˜ =
(
A
O 2g
)
where O 2g is the 2g × 2g zero matrix, and the rest blank parts are all zero.
We set
D =
⎛⎜⎜⎝
α1 0 β1. . . ...
0 αm βm
1 · · · 1 0
⎞⎟⎟⎠
where αi and βi (i = 1, . . . ,m) are non-zero coprime integers, and
α =
m∏
i=1
αi, and γi1,...,ir =
α
αi1 · · ·αir
(1 r m, 1 i1 < · · · < ir m).
There exist invertible (m + 1) × (m + 1) matrices over the integer number ring P , Q so that P DQ is⎛⎜⎜⎜⎜⎜⎝
e1 0. . .
er
. . .
0 em+1
⎞⎟⎟⎟⎟⎟⎠
and the diagonal elements er satisfy for some 0 k m, er = 0 (0 r  k), and er  1 (k + 1 r m + 1) is divisible by
er+1 where e0 = 0 and em+2 = 1. The elements er are called the r-th elementary divisor of D (see [4, pp. 301–306]). Then we
have the following lemma.
Lemma 2.2.
(1) We have
det D = −α
m∑
i=1
βi
αi
.
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(m − r + 1) × (m − r + 1) minors of D.
(3) Let er  0 (r = 1, . . . ,m+ 1) be the r-th elementary divisor of D, and fr+1 (r = 0, . . . ,m+ 1) the greatest common divisor of all
(m − r + 1) × (m − r + 1) minors of D. Then we have the following:
(i) For some 0 km, er = 0 (0 r  k), er  1 (k + 1 r m+ 1) is divisible by er+1 where e0 = 0 and em+2 = 1, and the
abelian group H presented by D is
H ∼= Zk ⊕
m+1⊕
i=k+1
Z/eiZ.
(ii) fr+1 =∏m+1i=r+1 ei (r = 0, . . . ,m), and er = fr/ fr+1 for r = k + 1, . . . ,m + 1 where fm+2 = 1.
For a positive integer x and a prime number , let p(x) denote the power of  in the prime factorization of x. We can
determine the structure of H(a1, . . . ,an) as follows:
Lemma 2.3.
(1) We have
H(a1, . . . ,an) ∼= Z2g ⊕ T
where T is a ﬁnite abelian group, and the order of T is
|det A| =
n∏
i=1
tsii
∏n
k=1 ak
(lcmk ak)2
= 0.
(2) We have that t1, . . . , tn are pairwise coprime.
(3) We have
T ∼=
⊕
j;s j3
(Z/t jZ)
s j−2 ⊕Z/Q Z
where
Q = |det A|∏
i;si3 t
si−2
i
.
Proof. (1) By Lemma 2.1, the forms of A and A˜, and Lemma 2.2 (1), we have the result.
(2) For a prime number , let
M() = max{p(ai) ∣∣ 1 i  n},
M j() = max
{
p(ai)
∣∣ 1 i  n, i = j}
for a ﬁxed j, and I() the number of i (i = 1, . . . ,n) realizing M() = p(ai). Then we have
p(s j) =
∑
k = j
p(ak) − M j() 0,
p(t j) = M() − M j() 0,
and p(t j) > 0 if and only if I() = 1 and M() = p(a j). Hence we have the result.
(3) By (2), t1, . . . , tn are pairwise coprime. We set m = s1 + · · · + sn . Let er (r = 1, . . . ,m+ 1) and fr+1 (r = 0, . . . ,m+ 1)
be as in Lemma 2.2 (3). Then by Lemma 2.2, we have f1 = |det A|, for r  1
fr+1 =
∏
j;s j>r+1
t
s j−r−1
j ,
e1 = Q , and for r  2
er =
∏
j;s jr+1
t j.
This completes the proof. 
2874 Y. Tsutsumi / Topology and its Applications 159 (2012) 2870–2887By Lemma 2.3, if g  2, then the rank of H(a1, . . . ,an) is greater than 3, and we have λ(a1, . . . ,an) = 0 (see Theo-
rem 4.2 (3)). Hence we restrict to the cases g = 0 and g = 1.
Lemma 2.4.
(1) g = 0 if and only if one of the following (a) and (b) holds:
(a) By a suitable permutation of (a1, . . . ,an), we have that a1/d,a2/d,a3, . . . ,an are pairwise coprime for d = gcd(a1,a2) 1,
and gcd(d,a j) = 1 for j = 3, . . . ,n.
(b) By a suitable permutation of (a1, . . . ,an), we have that 2 = gcd(a1,a2,a3), a1/2,a2/2, a3/2,a4, . . . ,an are pairwise co-
prime, and gcd(2,a j) = 1 for j = 4, . . . ,n.
(2) g = 1 if and only if one of the following (a), (b), (c) and (d) holds:
(a) By a suitable permutation of (a1, . . . ,an), we have that a1/2,a2/3 and a3/6 are integers, a1/2,a2/3,a3/6,a4, . . . ,an are
pairwise coprime, 6 divides neither a1 nor a2 , and gcd(6,a j) = 1 for j = 4, . . . ,n.
(b) By a suitable permutation of (a1, . . . ,an), we have that a1/2,a2/4 and a3/4 are integers, a1/2,a2/4,a3/4,a4, . . . ,an are
pairwise coprime, 4 does not divide a1 , and gcd(2,a j) = 1 for j = 4, . . . ,n.
(c) By a suitable permutation of (a1, . . . ,an), we have that a1/3,a2/3 and a3/3 are integers, a1/3,a2/3,a3/3,a4, . . . ,an are
pairwise coprime, and gcd(3,a j) = 1 for j = 4, . . . ,n.
(d) By a suitable permutation of (a1, . . . ,an), we have that a1/2,a2/2,a3/2 and a4/2 are integers, a1/2,a2/2,a3/2,a4/2,
a5, . . . ,an are pairwise coprime, and gcd(2,a j) = 1 for j = 5, . . . ,n.
Proof. Rewrite (2.2) as
g =
∏n
i=1 ai
2 lcmk ak
(
n − 2−
n∑
j=1
1
gcd(a j, lcmk = j ak)
)
+ 1,
and set a positive integer d j = gcd(a j, lcmk = j ak) ( j = 1, . . . ,n). We note that d j = 1 implies gcd(a j,ak) = 1 for every k = j.
(1) A necessary condition for g = 0 is
n − 2−
n∑
i=1
1
di
< 0.
All roots of the inequality are
(d1, . . . ,dn) =
(
d,d′,1, . . . ,1
)
,
(
2,2,d′′,1, . . . ,1
)
, (2,3,3,1, . . . ,1), (2,3,4,1, . . . ,1), (2,3,5,1, . . . ,1)
and their permutations where d,d′  1 and d′′  2.
Suppose (d1, . . . ,dn) = (d,d′,1, . . . ,1). Then we have d = d′ = gcd(a1,a2), a1/d,a2/d,a3, . . . ,an are pairwise coprime, and
gcd(d,a j) = 1 for j = 3, . . . ,n.
Suppose (d1, . . . ,dn) = (2,d2,d3,1, . . . ,1) (d2,d3  2). Then we have 2 = gcd(a1, lcm(a2,a3)), d2 = gcd(a2, lcm(a3,a1)),
and d3 = gcd(a3, lcm(a1,a2)). Hence d2 or d3 is divisible by 2. If one of d2 and d3 has an odd prime divisor, then the
other has also the same odd prime divisor. Thus the cases (2,3,3,1, . . . ,1), (2,3,4,1, . . . ,1) and (2,3,5,1, . . . ,1) are ex-
cluded. We may assume d2 = 2 and d3 = d′′  2. Then d′′ is a power of 2. Therefore we have a1,a2,a3 are divisible by 2,
a1/2,a2/2,a3/2,a4, . . . ,an are pairwise coprime, and gcd(2,a j) = 1 for j = 4, . . . ,n.
(2) A necessary condition for g = 1 is
n − 2−
n∑
i=1
1
di
= 0.
All roots of the equation are
(d1, . . . ,dn) = (2,3,6,1, . . . ,1), (2,4,4,1, . . . ,1), (3,3,3,1, . . . ,1), (2,2,2,2,1, . . . ,1)
and their permutations.
By the similar argument as the proof of (1), we have the result. 
We remark that Lemma 2.4 (1) is the same as [10, Proposition 6.3]. We determine s j , t j , and H(a1, . . . ,an) as follows:
Lemma 2.5.
(1) The case g = 0.
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3, . . . ,n, then we have
s1 = s2 = 1, s j = d ( j = 3, . . . ,n), t j = b j ( j = 1, . . . ,n),
and
H(a1, . . . ,an) ∼= (Z/NZ)d−1
where N =∏nj=3 b j .
(b) If (a1, . . . ,an) = (2b1,2b2,2b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(2,b j) = 1 for
j = 4, . . . ,n, then we have
s1 = s2 = s3 = 2, s j = 4 ( j = 4, . . . ,n), t j = b j ( j = 1, . . . ,n),
and
H(a1, . . . ,an) ∼= Z/2b1b2b3Z⊕ (Z/NZ)3
where N =∏nj=4 b j .
(2) The case g = 1.
(a) If (a1, . . . ,an) = (2b1,3b2,6b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, 6 divides neither a1 nor
a2 , and gcd(6,b j) = 1 for j = 4, . . . ,n, then we have
s1 = 3, s2 = 2, s3 = 1, s j = 6 ( j = 4, . . . ,n), t j = b j ( j = 1, . . . ,n),
and
H(a1, . . . ,an) ∼= Z2 ⊕ (Z/b1Z)2 ⊕Z/b2Z⊕ (Z/NZ)5
where N =∏nj=4 b j .
(b) If (a1, . . . ,an) = (2b1,4b2,4b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, 4 does not divide a1 , and
gcd(2,b j) = 1 for j = 4, . . . ,n, then we have
s1 = 4, s2 = 2, s3 = 2, s j = 8 ( j = 4, . . . ,n), t j = b j ( j = 1, . . . ,n),
and
H(a1, . . . ,an) ∼= Z2 ⊕ (Z/b1Z)3 ⊕Z/2b2b3Z⊕ (Z/NZ)7
where N =∏nj=4 b j .
(c) If (a1, . . . ,an) = (3b1,3b2,3b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(3,b j) = 1 for
j = 4, . . . ,n, then we have
s1 = s2 = s3 = 3, s j = 9 ( j = 4, . . . ,n), t j = b j ( j = 1, . . . ,n),
and
H(a1, . . . ,an) ∼= Z2 ⊕Z/b1b2b3Z⊕Z/3b1b2b3Z⊕ (Z/NZ)8
where N =∏nj=4 b j .
(d) If (a1, . . . ,an) = (2b1,2b2,2b3,2b4,b5, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(2,b j) = 1
for j = 5, . . . ,n, then we have
s1 = s2 = s3 = s4 = 4, s j = 8 ( j = 5, . . . ,n), t j = b j ( j = 1, . . . ,n),
and
H(a1, . . . ,an) ∼= Z2 ⊕ (Z/b1b2b3b4Z)2 ⊕Z/4b1b2b3b4Z⊕ (Z/NZ)7
where N =∏nj=5 b j .
Proof. By (2.1), Lemma 2.3 (1) and Lemma 2.3 (3), we have the result. 
A Seifert ﬁbered 3-manifold is a lens space if and only if the genus of the base space is 0 and the number of singular
ﬁber is less than 3 (cf. [2]). By (2.1), Lemma 2.4 (1) and Lemma 2.5 (1), we have the following:
2876 Y. Tsutsumi / Topology and its Applications 159 (2012) 2870–2887Corollary 2.6.
(1) The ﬁrst homology of Σ(a1, . . . ,an) is ﬁnite cyclic if and only if d  2 in the condition (1) (a) of Lemma 2.5, or n = 3 in the
condition (1) (b) of Lemma 2.5. In particular, Σ(a1, . . . ,an) is an integral homology 3-sphere if and only if d = 1 in the condition
(1) (a) of Lemma 2.5 (i.e. a1, . . . ,an are pairwise coprime).
(2) A Brieskorn–Hammmanifold Σ(a1, . . . ,an) is a lens space if and only if n = 3, and (a1,a2,a3) = (2,2, p) or their permutations.
Then Σ(2,2, p) = L(p,1). In particular, a Brieskorn–Hammmanifold cannot be S3 in our assumption.
By Corollary 2.6 (2), a Brieskorn–Hamm manifold is a lens space if and only if it is the double branched covering over a
(p,2)-torus knot/link.
3. Dedekind sums
We introduce the Dedekind sums to prove main theorem.
Let p be a non-zero integer, and q an integer. For a real number x, we denote by
((x)) =
{
0 (x ∈ Z),
x− [x] − 12 (x ∈R \Z),
where [·] is the gaussian symbol. Then the Dedekind sum s(q, p) is deﬁned by
s(q, p) =
|p|∑
i=1
((
i
p
))((
qi
p
))
.
We have the following lemma.
Lemma 3.1. Let p be a positive integer, and q an integer which is coprime to p. Then we have:
(1) s(q + np, p) = s(q, p) (n ∈ Z), s(−q, p) = −s(q, p), s(q¯, p) = s(q, p) where qq¯ ≡ 1 (mod p).
(2) s(q,1) = 0.
(3) [7, p. 93] s(q, p) + s(p,q) = p2+q2+1−3pq12pq (p,q > 0).
(4) [3, proof of Proposition 5.5] |s(q, p)| s(1, p) = (p−1)(p−2)12p .
By Lemma 3.1, we have the following lemma.
Lemma 3.2. Let p be a positive integer. Then we have
s(4, p) = p
2 − 12p + 17
48p
− (−1)
(p−1)/2
8
where p ≡ 1 (mod 4) or p ≡ 3 (mod 4).
Proof. By Lemma 3.1 (3), we have
s(4, p) + s(p,4) = p
2 − 12p + 17
48p
.
By Lemma 3.1 (1), we have
s(p,4) =
{
s(1,4) (p ≡ 1 (mod 4)),
s(3,4) (p ≡ 3 (mod 4)).
By deﬁnition of Dedekind sum, we have s(1,4) = 18 and s(3,4) = − 18 . Hence we have the result. 
4. Lescop’s surgery formulae
We calculate the Lescop invariant of Σ(a1, . . . ,an) by Lescop’s surgery formula. For a real number y, we denote by
ε(y) =
{ y
|y| (y = 0),
−1 (y = 0).
Y. Tsutsumi / Topology and its Applications 159 (2012) 2870–2887 2877Proposition 4.1. (C. Lescop [8, Proposition 6.1.1].) Let M = (g | h; (α1, β1), . . . , (αm, βm)) be an oriented Seifert ﬁbered 3-manifold as
in Section 2, and e = −h +∑mi=1 βiαi the Seifert invariant of M.
(1) If g = 0, then we have
λ(M) =
m∏
i=1
αi
{
ε(e)
24
(
2−m +
m∑
i=1
1
αi2
)
+ |e|e
24
− e
8
− |e|
2
m∑
i=1
s(βi,αi)
}
.
(2) If g = 1, then we have
λ(M) = −ε(e)
m∏
i=1
αi .
(3) If g  2, then we have
λ(M) = 0.
By Lemma 2.1, Lemma 2.4, Lemma 2.5 and Lemma 4.1, we have:
Theorem 4.2.We suppose the same settings as in Section 12. We set b =∏ni=1 bi , and c j ( j = 1, . . . ,n) satisﬁes Eq. (2.3) in Lemma 2.1.
(1) The case g = 0.
(a) If (a1, . . . ,an) = (db1,db2,b3, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(d,b j) = 1 for j =
3, . . . ,n, then we have
λ(db1,db2,b3, . . . ,bn)
=
(
b
b1b2
)d−1{ b
24
(
2d − nd +
2∑
j=1
1
b j
2
+
n∑
j=3
d
b j
2
)
+ 1
24b
− 1
8
− 1
2
2∑
j=1
s(c j,b j) − d2
n∑
j=3
s(c j,b j)
}
.
(b) If (a1, . . . ,an) = (2b1,2b2,2b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(2,b j) = 1 for
j = 4, . . . ,n, then we have
λ(2b1,2b2,2b3,b4, . . . ,bn)
= b
3
b1
2b2
2b3
2
{
b
24
(
8− 4n +
3∑
j=1
2
b j
2
+
n∑
j=4
4
b j
2
)
+ 1
6b
− 1
4
− 2
3∑
j=1
s(c j,b j) − 4
n∑
j=4
s(c j,b j)
}
.
(2) The case g = 1.
(a) If (a1, . . . ,an) = (2b1,3b2,6b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, 6 divides neither a1 nor a2 ,
and gcd(6,b j) = 1 for j = 4, . . . ,n, then we have
λ(2b1,3b2,6b3,b4, . . . ,bn) = − b
6
b1
3b2
4b3
5
.
(b) If (a1, . . . ,an) = (2b1,4b2,4b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, 4 does not divide a1 , and
gcd(2,b j) = 1 for j = 4, . . . ,n, then we have
λ(2b1,4b2,4b3,b4, . . . ,bn) = − b
8
b1
4b2
6b3
6
.
(c) If (a1, . . . ,an) = (3b1,3b2,3b3,b4, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(3,b j) = 1 for
j = 4, . . . ,n, then we have
λ(3b1,3b2,3b3,b4, . . . ,bn) = − b
9
b1
6b2
6b3
6
.
(d) If (a1, . . . ,an) = (2b1,2b2,2b3,2b4,b5, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise coprime integers, and gcd(2,b j) = 1
for j = 5, . . . ,n, then we have
λ(2b1,2b2,2b3,2b4,b5, . . . ,bn) = − b
8
b1
4b2
4b3
4b4
4
.
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λ(a1, . . . ,an) = 0.
We remark that Theorem 4.2 holds even if ai = 1 is included. The following proposition is special formulae of Theo-
rem 4.2.
Proposition 4.3. Let k be a positive integer with k 2.
(i) If k is an odd integer, then we have:
(a) λ(2,4,k) =
{− 112 (k − 1)(k − 2) (k ≡ 1 (mod 4)),
− 112 (k2 + 2) (k ≡ 3 (mod 4)).
(b) λ(k,k,2) = −2
k−2(k − 1)
8
.
(c) λ(2,4,2k) = −5k
2 − 6k + 4
12
.
(d) λ(2,2,2,k) = −k
2(k − 1)(k − 2)
4
.
(ii) If k 2, then we have
λ(2,2,k) = − (k − 1)(k − 2)
24
.
Proof. (i) (a) By Theorem 4.2 (1) (a), we have
λ(2,4,k) = k
{
k
12
(
−3
4
+ 2
k2
)
+ 1
48k
− 1
8
− s(c3,k)
}
.
By Lemma 2.1 and Lemma 2.5 (1) (a), we have k(2c1 + c2)+4c3 = 1 and 4c3 ≡ 1 (mod k). By Lemma 3.1 (1) and Lemma 3.2,
we have the result.
(b), (c), (d) By the similar way as (a), we have the result.
(ii) By Corollary 2.6 (2), Lemma 3.1 and [17], we have
λ(2,2,k) = −k
2
s(1,k) = − (k − 1)(k − 2)
24
.
Hence we have the result. 
5. Negativity of the Lescop invariants of the Brieskorn–Hammmanifolds
We show that the Lescop invariant of every Brieskorn–Hamm manifold is not positive. The following is our main theo-
rem:
Theorem 5.1. If the genus of the base space of Σ(a1, . . . ,an) as a Seifert ﬁbered 3-manifold is 0 or 1, then we have
λ(a1, . . . ,an) < 0
except λ(2,2,2) = 0.
We need the following lemmas to prove Theorem 5.1. By Theorem 4.2 and Proposition 4.3, we have the following. The
proof of Lemma 5.2 is included by the proof of the other lemmas in the section.
Lemma 5.2. The following table gives the computed exact values λ(a1, . . . ,an) for the case the genus of the base space ofΣ(a1, . . . ,an)
as a Seifert ﬁbered 3-manifold is 0.
(a)We determine all 0 λ(a1, . . . ,an)−1.
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λ(2,2,2) = 0 Σ(2,2,2) = L(2,1)
λ(2,2,3) = − 112 Σ(2,2,3) = L(3,1)
λ(2,2,4) = − 14 Σ(2,2,4) = L(4,1)
λ(2,2,5) = − 12 Σ(2,2,5) = L(5,1)
λ(2,3,3) = − 12 Σ(2,3,3) = (0 | 0; (1,1), (1,1),3(2,−1)) = (0 | 1;3(2,1))
λ(2,2,6) = − 56 Σ(2,2,6) = L(6,1)
λ(2,3,4) = − 1112 Σ(2,3,4) = (0 | 0; (1,−1), (2,1),2(3,1)) = (0 | 1; (2,1),2(3,1))
λ(2,4,5) = −1 Σ(2,4,5) = (0 | 0; (1,1), (2,−1),2(5,−1)) = (0 | −1; (2,−1),2(5,−1))
λ(2,3,5) = −1 Σ(2,3,5) = (0 | 0; (2,1), (3,−2), (5,1)) = (0 | 1; (2,1), (3,1), (5,1))
λ(2,3,7) = −1 Σ(2,3,7) = (0 | 0; (2,1), (3,−1), (7,−1)) = (0 | −1; (2,−1), (3,−1), (7,−1))
(b)
λ(a1, . . . ,an) (g|h; (α1, β1), . . . , (αm, βm))
λ(2,3,8) = − 1312 Σ(2,3,8) = (0 | 0; (1,1),2(3,−1), (4,−1)) = (0 | −1;2(3,−1), (4,−1))
λ(2,3,9) = − 32 Σ(2,3,9) = (0 | 0; (1,−1),3(2,1), (3,−1)) = (0 | 2;3(2,1), (3,2))
λ(2,3,10) = − 2312 Σ(2,3,10) = (0 | 0; (1,−1),2(3,1), (5,2)) = (0 | 1;2(3,1), (5,2))
λ(3,3,4) = − 113 Σ(3,3,4) = (0 | 0; (1,−1), (1,2),3(4,−1)) = (0 | −1;3(4,−1))
λ(2,6,8) = − 13312 Σ(2,6,8) = (0 | 0;2(1,−1),2(3,1),2(4,3)) = (0 | 2;2(3,1),2(4,3))
λ(2,6,10) = − 1076 Σ(2,6,10) = (0 | 0;2(1,−1),2(3,−1),2(5,7)) = (0 | 2;2(3,2),2(5,2))
Firstly we consider the case (1) (a) as in Lemma 2.4 and Lemma 2.5. We set
u j = b
(
1− 1
b2j
)
− (b j − 1)(b j − 2)
b j
( j = 1, . . . ,n).
Then by Theorem 4.2 (1) (a) and Lemma 3.1 (4), we have
λ(db1,db2,b3, . . . ,bn)
−1
24
(
b
b1b2
)d−1(
u1 + u2 − 2b + d
n∑
j=3
u j
)
.
We set
R = u1 + u2 − 2b + d
n∑
j=3
u j,
and show R > 0 and λ < −1 basically. We note that u j = 0 if b j = 1, and u j > 0 if b j  2. We may assume 1 b1  b2 and
2 b3 < · · · < bn , also denote λ(a1, . . . ,an) by λ simply. We divide into some lemmas.
Lemma 5.3. We suppose the condition (1) (a) as in Lemma 2.4 and Lemma 2.5. If d = 1, then we have λ  −2 except λ(2,3,5) =
λ(2,3,7) = −1.
Proof. Since all b j  2 ( j = 1, . . . ,n) are distinct integers, and ∑∞j=2 1j2 = π26 − 1, we have
b (n + 1)!, n!b j  b,
n∑
j=1
b j 
b
(n − 1)! ,
and
R > b
(
n − 1− π
2
6
− 1
(n − 1)!
)
+ 3n − n > 253.
Hence if n 4, then we have R > 0 and λ−11.
We consider n = 3. We set
R = R(b1,b2,b3)
= b
(
1− 1
b2
− 1
b2
− 1
b2
− 1
b b
− 1
b b
− 1
b b
)
+ 9− 2
(
1
b
+ 1
b
+ 1
b
)
.1 2 3 1 2 2 3 3 1 1 2 3
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R(b1,b2,b3) > R(2,b2,b3) > 0, λ(b1,b2,b3)− R(2,b2,b3)
24
and
R(2,b2,b3) R(2,5,7) = 2911
70
for b2  5 and b3  7,
R(2,b2,b3) R(2,3,11) = 721
22
for b3  11, and λ−2 except λ(2,3,5) = λ(2,3,7) = −1 by Lemma 5.2. Hence we have the result. 
Lemma 5.4. We suppose the condition (1) (a) as in Lemma 2.4 and Lemma 2.5. If d  2 except n = 3 and b1 = 1, then we have
λ < −1.
Proof. By the similar way as Lemma 5.3, we have R > 0 and λ < −1 except n = 4 and b1 = b2 = 1, and n = 3 and b1 = 1.
We consider n = 4 and b1 = b2 = 1. We have u1 = u2 = 0. Firstly we suppose d 3. Then we have
u3 + u4  b
(
2− 1
22
− 1
32
)
− b3 − b4 + 6− 1− 2
3
 b
(
2− 1
22
− 1
32
− 1
2
− 1
3
)
+ 6− 1− 2
3
= 29
36
b + 13
3
,
R = −2b + d(u3 + u4) 5
12
b + 13 > 15 > 0
and λ < −1. Secondly we suppose d = 2. Then we have
u3 + u4  b
(
2− 1
32
− 1
52
)
− b3 − b4 + 6− 16
15
 b
(
2− 1
32
− 1
52
− 1
3
− 1
5
)
+ 6− 16
15
= 296
225
b + 74
15
,
R = −2b + 2(u3 + u4) 142
225
b + 148
15
> 19 > 0
and λ < −1. Hence we have the result. 
Lemma 5.5.We suppose the conditions (1) (a) as in Lemma 2.4 and Lemma 2.5. If n = 3 and b1 = 1 except d = 2, b1 = 1 and b2 = 2,
and d 2 and b1 = b2 = 1, then we have λ < −1.
Proof. We have u1 = 0, and
R = u2 + du3 − 2b b
(
d − 1− 1
b22
− 1
b3
− d
b2
− d
b23
)
+ 2(d + 1).
We divide into some cases.
(1) d 5.
If b2  2 and b3  3, then we have
R = u2 + du3 − 2b b
(
d − 1− 7
12
− 11
18
d
)
+ 2(d + 1)
= b(14d − 57)
36
+ 2(d + 1) > 14 > 0
and λ < −1. If b2  3 and b3 = 2, then we have
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and λ < −1.
(2) d = 4.
If b2  3 and b3  2, then we have
R > 10
and λ < −1. If b2 = 2 and b3  5, or b2 = 2 and b3 = 3, then we have
R > 13 or R > 9
and λ < −1, respectively.
(3) d = 3.
If b2,b3  3, then we have
R > 10
and λ < −1. If b2 = 2 and b3  7, or b2 = 2 and b3 = 5, then we have
R > 8 or R > 7
and λ < −1, respectively. If b2  5 and b3 = 2, then we have
R > 9
and λ < −1. If b2 = 3 and b3 = 2, then we have
λ(3,9,2) = −3
2
< −1
by Lemma 5.2.
(4) d = 2.
If b2  4 and b3  5, or b2 = 3 and b3  5, then we have
R > 8 or R > 5
and λ < −1, respectively. If b2  7 and b3 = 3, then we have
R >
17
2
and λ < −1. If b2 = 4 and b3 = 3, or b2 = 5 and b3 = 3, then we have
λ(2,8,3) = −13
12
< −1 or λ(2,10,3) = −23
12
< −1
by Lemma 5.2, respectively. Hence we have the result. 
Lemma 5.6.We suppose the conditions (1) (a) as in Lemma 2.4 and Lemma 2.5.
(1) If n = 3, d = 2, b1 = 1 and b2 = 2, then we have λ < −1 except λ(2,4,3) = − 1112 and λ(2,4,5) = −1.
(2) If n = 3, d 2, and b1 = b2 = 1, then we have λ < −1 except λ(2,2,3) = − 112 and λ(2,2,5) = λ(3,3,2) = − 12 .
Proof. (1) By Proposition 4.3 (i) (a), we have
λ(2,4,b3) =
{− 112 (b3 − 1)(b3 − 2)− 143 < −1 (b3 ≡ 1 (mod 4)),
− 112 (b23 + 2)− 174 < −1 (b3 ≡ 3 (mod 4)),
except λ(2,4,3) = − 1112 and λ(2,4,5) = −1 by Lemma 5.2. Hence we have the result.
(2) We divide into two cases.
(i) b3 < d.
By Theorem 4.2 (1) (a), we have b = b3 (b3  2), and
λ(d,d,b3) = bd−13
{
b3
24
(
−d + 2+ d
b2
)
+ 1
24b
− 1
8
− d
2
s(c3,b3)
}
.3 3
2882 Y. Tsutsumi / Topology and its Applications 159 (2012) 2870–2887By Lemma 2.1 and Lemma 2.5 (1) (a), we have b3(c1 + c2) + dc3 = 1 and dc3 ≡ 1 (mod b3). By Lemma 3.1 (1), we have
s(c3,b3) = s(d,b3).
We set
R ′ = (d − 2)b23 − d − 1+ 3b3 + 12db3s(d,b3).
Then we have
λ(d,d,b3) = −b
d−2
3
24
R ′.
By Lemma 3.1 (4), we have
R ′  (d − 2)b23 − d − 1+ 3b3 − 12db3 ·
(b3 − 1)(b3 − 2)
12b3
= (b3 − 1)
{
2(d − b3) + (d + 1)
}
> 0.
If b3  3, then we have λ < −1. If b3 = 2, then we have
λ(d,d,2) = −2
d−2(d − 1)
8
,
by Proposition 4.3 (i) (b), λ(d,d,2) < −1 if d 5, and λ(3,3,2) = − 12 by Lemma 5.2.
(ii) b3 > d.
Let R ′ be the same as in (i). By Lemma 3.1 (3) and Lemma 3.1 (4), we have
R ′  (d − 2)b23 − d − 1+ 3b3 + 12db3
(
d2 + b23 + 1− 3db3
12db3
− (d − 1)(d − 2)
12d
)
= (b3 − 1)(b3 − d)(d − 1) > 0.
If d 3 and b3 = 4, then we have λ < −1. If d = 3 and b3 = 4, then we have
λ(3,3,4) = −11
3
< −1
by Lemma 5.2. If d = 2, then we have
λ(2,2,b3) = − (b3 − 1)(b3 − 2)
24
by Proposition 4.3 (ii), and λ < −1 except λ(2,2,3) = − 112 and λ(2,2,5) = − 12 by Lemma 5.2. Hence we have the result. 
Secondly we consider the case (1) (b) as in Lemma 2.4 and Lemma 2.5.
We set
v j = b
(
1− 1
b2j
)
− 2(b j − 1)(b j − 2)
b j
( j = 1, . . . ,n).
Then by Theorem 4.2 (1) (b) and Lemma 3.1 (4), we have
λ(2b1,2b2,2b3,b4, . . . ,bn)− b
3
12b21b
2
2b
2
3
(
−b +
3∑
j=1
v j + 2
n∑
j=4
v j − 2
b
+ 3
)
.
We set
S = −b +
3∑
j=1
v j + 2
n∑
j=4
v j − 2
b
+ 3,
and show S > 0 and λ < −1 basically. We may assume 1 b1  b2  b3 and 3 b4 < · · · < bn . We divide into some lemmas.
Lemma 5.7.
(i) v j = 0 if and only if b j = 1, or n = 3, b1 = b2 = 1 and b3 = 5, or n = 4, b1 = b2 = b3 = 1 and b4 = 5.
(ii) v j < 0 if and only if n = 3, j = 3, b1 = b2 = 1 and b3  6, or n = 4, j = 4, b1 = b2 = b3 = 1 and b4  7.
(iii) v j > 0 otherwise.
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b j = 1 or b = 2b j − 6+ 6
b j + 1 .
Hence we have the result.
(ii) By the similar argument as the proof of (i), we have the result.
(iii) By (i) and (ii), we have the result. 
Lemma 5.8. We suppose the conditions (1) (b) as in Lemma 2.4 and Lemma 2.5. If n  4 except b1 = b2 = b3 = 1, then we have
λ < −1.
Proof. We have b1  1, b2  1, b3  2, b4  3, v j  0 ( j = 1, . . . ,n) by Lemma 5.7,
S −b + v3 + 2v4 − 2
b
+ 3
 55
36
b − 2b3 − 4b4 + 16
 55
36
b3b4 − 2b3 − 4b4 + 16
= 55
36
(
b3 − 144
55
)(
b4 − 72
55
)
+ 592
55
>
55
6
and λ < −1. Hence we have the result. 
Lemma 5.9.We suppose the conditions (1) (b) as in Lemma 2.4 and Lemma 2.5. If n = 4 and b1 = b2 = b3 = 1, then we have λ < −1.
Proof. We have b4  3 is odd. By Proposition 4.3 (i) (d), we have
λ(2,2,2,b4) = −b
2
4(b4 − 1)(b4 − 2)
4
−9
2
< −1.
Hence we have result. 
Lemma 5.10.We suppose the conditions (1) (b) as in Lemma 2.4 and Lemma 2.5. If n = 3, then we have λ < −1 except λ(2,2,2) = 0,
λ(2,2,4) = − 14 and λ(2,2,6) = − 56 .
Proof. We divide into some cases.
(i) n = 3, b1  1 and b2  2.
We have
S = b
(
2− 1
b21
− 1
b22
− 1
b23
− 2
b1b2
− 2
b2b3
− 2
b3b1
)
− 2
b
+ 21− 4
(
1
b1
+ 1
b2
+ 1
b3
)
.
In particular, if b1 = 1, then we have
S = b
(
1− 1
b22
− 1
b23
− 2
b2
− 2
b3
)
− 2
b
+ 15− 4
(
1
b2
+ 1
b3
)
.
(1) b1  2 (b2  3 and b3  5).
We have
S  1343
30
and λ < −1.
(2) b1 = 1 and b2  4 (b3  5).
If b3  7, then we have
S  477
28
and λ < −1. If b2 = 4 and b3 = 5, or b2 = 5 and b3 = 6, then we have
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20
or
583
30
,
and λ < −1, respectively.
(3) b1 = 1 and b2 = 3 (b3  4).
If b3  10, then we have
S  407
30
and λ < −1. If b3 = 7 or 8, then we have
S = 236
21
or
289
24
,
and λ < −1, respectively. If b3 = 4 or 5, then we have
λ(2,6,8) = −133
12
< −1 or λ(2,6,10) = −107
6
< −1,
by Lemma 5.2, respectively.
(4) b1 = 1 and b2 = 2 (b3  3).
We have b3  3 is odd. By Proposition 4.3 (i) (c), we have
λ(2,4,2b3) = −5b
2
3 − 6b3 + 4
12
−31
12
< −1.
(ii) n = 3 and b1 = b2 = 1.
By Proposition 4.3 (ii), we have
λ(2,2,2b3) = − (b3 − 1)(2b3 − 1)
12
,
and λ < −1 except
λ(2,2,2) = 0, λ(2,2,4) = −1
4
and λ(2,2,6) = −5
6
by Lemma 5.2. Hence we have the result. 
Proof of Theorem 5.1. By Theorem 4.2 (2), Lemma 5.2, Lemma 5.3, Lemma 5.4, Lemma 5.5, Lemma 5.6, Lemma 5.8,
Lemma 5.9 and Lemma 5.10, we have the result. 
6. Recursive formula for a special case
In this section, we give a recursive formula for a special case.
Theorem 6.1. We suppose the conditions (1) as in Lemma 2.4, Lemma 2.5 and Theorem 4.2. We set b =∏ni=1 bi , bˆ1 = bb1 ,
b′1 = b1 + kbˆ1 > 0 for an integer k, and a′1 = db′1 . If (a1, . . . ,an) = (db1,db2,b3, . . . ,bn) satisﬁes that b1, . . . ,bn are pairwise co-
prime integers, and gcd(d,b j) = 1 for j = 3, . . . ,n, then we have
λ(a′1,a2, . . . ,an) − λ(a1,a2, . . . ,an) = −
k
24
(
bˆ1
b2
)d−1{
1−
(
bˆ1
b2
)2
+ dbˆ21
(
n − 2−
n∑
j=3
1
b2j
)}
.
The case d = 1 of Theorem 6.1 corresponds to a theorem due to S. Fukuhara, Y. Matsumoto and K. Sakamoto [5]. We
remark that the right-hand sides of Theorem 6.1 is independent from b1, and the author [15] and Yukihiro Tsutsumi [16]
showed this kind formulae for branched cyclic coverings of S3 over some satellite knots. We need the following lemmas to
prove Theorem 6.1.
Lemma 6.2.We suppose the situations as in Theorem 6.1. We set b′j = b j for the rest indices in Theorem 6.1, and b′ =
∏n
i=1 b′i . Let c j
( j = 1, . . . ,n) be the same as in (2.3) corresponding to (a1, . . . ,an), and c′j ( j = 1, . . . ,n) the same as c j in (2.3) corresponding to
(a′ ,a2, . . . ,an). Then we have1
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b1
c1 + b
b2
c2 + d
n∑
j=3
b
b j
c j = 1,
b′
b′1
c′1 +
b′
b′2
c′2 + d
n∑
j=3
b′
b′j
c′j = 1, (6.1)
bˆ1 = b
b1
= b
′
b′1
=
n∏
i=2
bi, bˆ1c1 ≡ 1 (mod b1), bˆ1c′1 ≡ 1
(
mod b′1
)
and
c j ≡ c′j (mod b j) ( j = 2, . . . ,n).
Proof. By Lemma 2.1 and Lemma 2.5 (1) (a), we have (6.1).
Since b/b j and b′/b′j are divisible by bi and b
′
i for i = j, respectively, and (6.1), we have the result. 
Lemma 6.3.We suppose the situations as in Lemma 6.2. Then we have
s
(
c′1,b′1
)− s(c1,b1) = − k
12b1b′1
(
bˆ21 − b1b′1 + 1
)
and
s(c j,b j) = s
(
c′j,b
′
j
)
( j = 2, . . . ,n).
Proof. By Lemma 3.1 (1), Lemma 3.1 (3) and Lemma 6.2, we have
s(c1,b1) = s(bˆ1,b1)
= bˆ
2
1 + b21 + 1− 3bˆ1b1
12b1bˆ1
− s(b1, bˆ1),
s
(
c′1,b′1
)= s(bˆ1,b′1)
= bˆ
2
1 + b′21 + 1− 3bˆ1b′1
12b′1bˆ1
− s(b1 + kbˆ1, bˆ1)
= bˆ
2
1 + b′21 + 1− 3bˆ1b′1
12b′1bˆ1
− s(b1, bˆ1),
and
s
(
c′1,b′1
)− s(c1,b1) = bˆ21 + b′21 + 1− 3bˆ1b′1
12b′1bˆ1
− bˆ
2
1 + b21 + 1− 3bˆ1b1
12b1bˆ1
= 1
12bˆ1
{(
bˆ21 + 1
)( 1
b′1
− 1
b1
)
+ (b′1 − b1)}
= k
12bˆ1
{
− bˆ1
b1b′1
(
bˆ21 + 1
)+ bˆ1}
= − k
12b1b′1
(
bˆ21 − b1b′1 + 1
)
.
By Lemma 3.1 (1) and Lemma 6.2, we have s(c j,b j) = s(c′j,b′j) for j = 1. Hence we have the result. 
Proof of Theorem 6.1. We set
A′ = 2d − nd + 1
b′1
2
+ 1
b2
2
+
n∑
j=3
d
b j
2
, B ′ = −1
2
s
(
c′1,b′1
)− 1
2
s
(
c′2,b′2
)− d
2
n∑
j=3
s
(
c′j,b
′
j
)
,
A = 2d − nd +
2∑
j=1
1
b j
2
+
n∑
j=3
d
b j
2
and B = −1
2
2∑
j=1
s(c j,b j) − d2
n∑
j=3
s(c j,b j).
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b′1bˆ1A′ − bA =
{
− kbˆ
2
1
b1b′1
+ kbˆ
2
1
b2
2
− dkbˆ21
(
n − 2−
n∑
j=3
1
b j
2
)}
.
By Lemma 6.2 and Lemma 6.3, we have
24B ′ − 24B = −12s(c′1,b′1)+ 12s(c1,b1)
= k
b1b′1
(
bˆ21 − b1b′1 + 1
)
.
By Theorem 4.2 (1) (a), we have
λ
(
a′1,a2, . . . ,an
)− λ(a1,a2, . . . ,an)
= λ(db′1,db2,b3, . . . ,bn)− λ(db1,db2,b3 . . . ,bn)
=
(
b′1bˆ1
b′1b2
)d−1(b′1bˆ1
24
A′ + 1
24b′1bˆ1
− 1
8
+ B ′
)
−
(
b
b1b2
)d−1( b
24
A + 1
24b
− 1
8
+ B
)
= 1
24
(
bˆ1
b2
)d−1(
b′1bˆ1A′ − bA −
kbˆ1
b1b′1
+ 24B ′ − 24B
)
= − k
24
(
bˆ1
b2
)d−1{
1−
(
bˆ1
b2
)2
+ dbˆ21
(
n − 2−
n∑
j=3
1
b2j
)}
.
Therefore we have the result. 
By Theorem 5.1 and Theorem 6.1, we have the following:
Corollary 6.4. We suppose the situations as in Theorem 6.1. If (a1, . . . ,an) = (db1,db2,b3, . . . ,bn) satisﬁes that b1, . . . ,bn are pair-
wise coprime integers, and gcd(d,b j) = 1 for j = 3, . . . ,n, then we have
λ
(
a′1,a2, . . . ,an
)
< λ(a1, . . . ,an) < 0.
Proof. We set
M = 1−
(
bˆ1
b2
)2
+ dbˆ21
(
n − 2−
n∑
j=3
1
b2j
)
.
Then we have
λ
(
a′1,a2, . . . ,an
)− λ(a1, . . . ,an) = − k
24d
(
bˆ1
b2
)d−1
M,
and prove M > 0. Since all b j ( j = 3, . . . ,n) are distinct integers, d 1, b2  1 and b j  2 ( j = 3, . . . ,n), we have
M = bˆ21
{
d
n∑
j=3
(
1− 1
b2j
)
− 1
b22
}
+ 1
> bˆ21
{
d(n − 1) − dπ
2
6
− 1
b22
}
.
Hence if n 4, then M > 0. Suppose n = 3. Then we have
M = (db22 − 1)(b23 − 1)> 0.
Therefore we have the result. 
Remark 6.5. From the proof of Corollary 6.4, we have a simpler form for the case n = 3:
λ
(
a′1,a2,a3
)− λ(a1,a2,a3) = − k
24
b3
d−1(db22 − 1)(b32 − 1).
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